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ASYMPTOTIC SOLUTION OF ELASTICITY THEORY PROBLEMS ON
CRACKS EXTENDED ALONG A SPACE CURVE™

R.V. GOL'DSHTEIN and L.B. KOREL'SHTEIN

A class of spatial problems of elasticity theory for cracks extended
along a smooth space curve is solved by asymptotic methods. The two
first terms of the asymptotic form of the displacement jumps and the
stress intensity coefficients are constructed and their dependence on
the crack geometry is investigated. The problem of an annular crack
on a cylindrical surface is considered as an example, and results of
its asymptotic solution are presented for different kinds of loads,
including taking account of superposition of the edges.

Analogous, more simple problems on cracks extended along a plane
curve are considered in /1, 2/,

1. General equations for an extended crack. we consider a homogeneous, isotropic,
infinite elastic space containing a crack extended along a smooth space curve R =R (), I =
{—L, LI (the latter can be closed: R (—L) =R (L)). We introduce tangent, normal, and bi-
normal directions t(I), v{l), b(l) to the curve R that satisfy the Frenet relationships (the
prime denotes the derivative with respect to )

Ri=t, t'=kv, v=—Fkttth, I=——1v (1.1)

where Kk, T are the curvature and torsion of the curve R.
We define allowable crack shapes by the relationships

HI<EL, [my | <p (1), my =0 (1.2)
where the coordinates (m,, m,, 1) are given by the equality
x (my, my, 1) = R + & Imya? () + mye® ()] 1.3

¢ is a positive small parameter; the orthonormalized vector triplet o (l) (i = 1,2, 3)is obtained
from the triplet v (I),b(l),t(!)) by rotation around t () by an angle ¢ (I);

a'=vcos¢p + bsing, a?*=—vsing -+ hbcosp, a*=t

the functions p (I} and ¢ () are sufficiently smooth, where p/L =0 (1). For unclosed cracks
we also require that p(L)=p(—L)=0 (for closed cracks simply p (L) = p (—L)).

The crack given by relationships (1.2) is a narrow strip of rectilinear section stretched
along the middle line of R (!) for small &, where the function p ({) and ¢ (I), respectively,
describe the change in crack width and its orientation relative to the accompanying trihedron
t,v,b. In particular, rotation, flexure, and torsion of the crack surface are allowed. The
directions ¢® and o' here yield the longitudinal and transverse directions on the crack surface,
while of is the normal direction to the crack surface at its middle line (for m; =0). The
vector triplet « is rotated according to the following law as it moves along R (as is easily
obtained from (1.1):

a’=Axa’, A=A@', A =ksing, A,=kcosg,
Ag=14 ¢

(here and henceforth, the summation is assumed over repeated subscripts). The components
4;() (i =1,2,3) have the meaning, respectively, of rates of flexure, rotation "in its plane*®
and torsion of the crack surface.

The class of cracks introduced above includes a number of cracks on spatial surfaces, for
instance along the arc of a circle of a cylinder or cone, cracks along a spiral line, etc.,
as well as all extended cracks of planar planform considered earlier /1, 2/.

We assume that there is no load at infinity while the forces

Prx)=—p (x)=p(x), x&G,
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are applied to the crack surfaces, where the plus and minus signs refer to the "upper" and
"lower" surfaces bounding the domains m, >0 and my < 0, respectively. (As is well-known,
the boundary conditions mentioned correspond to the problem of external elastic field pertur-
bation by a crack in a space without cracks). Determination of the elastic fields reduces to
seeking the displacement jump % {X) on the crack surface

x{x)=u"(x) —u (x), x&G, (1.4)

We will find the asymptotic form of the displacement jump on the crack surface as ¢— 0.
Let n(x) (x &G be a vector normal to the surface G,

B (my, 1) = (dx/dl X a ()| dx/dl x o (1) | = (1.5)
o? (1) —em A, BeP () +ole)
pmy, my, = —ay;(my, my, Dny(my, ey, plmy, 0, ) =p(my, 1)

where p is a force vector.
Then (/3/, formulas (12) and (10)), it follows from the Somigliani formula that

P (T) = B {1 — ) 1 (%)} [Qmiy (%), 15 + @iy (X), im} + (1.6)
29 [ng (X} @11 (X), sm -+ 2 (X) 915 {X), 5] ~ 72, (X) Pi (X)), istm)
p=dap (1l —v), xEG,

where [, v are the shear modulus and Poisson's ratio of the medium; symmetrization is over the
subscripts in parentheses, and the harmonic and biharmonic potentials ¢;; and ¥;; are deter-
mined by the formulas

@i (x) = {§ % () my(x) | Ax [, (%) = { alx)my(x) | Ax | dx’ A7)
-2 Gg
Ax=x"—x, xZ=Gs

we f£ind the asymptotic of the integrodifferential operator acting on % (x)in (1.6) near
the crack in the cooxdinates my,m,, I (m, 3= 0), and then by letting m,— 0 we obtain an
asymptotic equation in x(m,, !, ¢) from (1.6). The principal term of the asymptotic form of
the operator should obviously correspond to the operators of the plane and antiplane
problems. Consequently, if p denotes the characteristic magnitude of the load |p(m, 1) |,
the principal term of the expansion of » should be of the order ep (I)p/p~elp/p.

Let us determine in what order (as compared with the principal term of the asymptotic
form) the mutual influence of the different parts of the crack is felt (which is at a distance
~L). After substituting (1.7) into (1.6) and differentiating, the kernel of the integrals
are of the order pu|Ax|™®~ pL™®, and integration over the domain with the area —~epl ~ el®
yields a quantity of the order of eL™ X el®? X eLp/p = ¢*p which is two orders of magnitude
less than the given load. Therefore, the mutual influence of parts of the crack should be
felt only in the third term of the asymptotic form =x (in powers of &). We limit ourselves
in this paper to seeking the first two terms of the asymptotic form % in the general case,
which by virtue of the above exposition should be "local®, i.e., depend in each section =],
of the crack on just the geometry and load in the neighbourhood of this section.

Taking into account that

Bie(X), 10 = @i — B* (x), ¥ (x)= §S (Ax, % (x)(Ax, n(x))| Ax [ tdx’

relationship (1.6) can be written in the form

P =B {1 — V) B [Qm), 15 + Gesty, tm) + 2V Pat, 5t — {1.8)
(i - 2") nyPii, sm -+ na'lpfnm)q X € G

As is seen from (1.8), it is necessary to find the asymptotic expansion of ¢y, $* and
the operator @/ dzdz; 1in the coordinates m,, mg, ! as e— 0. It can be shown for the latter
that

AR Sy o S -1 (&
axidxj—e oy amaamr"'a [(_ 1)¥im, o Agayy B + (1.9)

292 2 t
ay Fmal” T (— 1) (As-t0a® — Aga)) —a—,;:-] +0(1),  af =aaf + oyad




677

where s and t run through the values 1 and 2.

The asymptotic form of the integrals ¢;; and ¢* is calculated by using the composite
asymptotic expansions of the integrands as in /1, 2/. This asymptotic form has a rather
cumbersome form; we present just those of its terms that are needed to evaluate the first
two terms of the asymptotic form x:

@is(x)/e==—apLi (1) + e (A2 Li(my) + 24522 L; (g,)) + (1.10)
@i° (1) + ey (my, My, 1) + 0(e)

P* (x)/e = 20K { (§.84) + &[2:*0L1(g,)/0] — Aga’L;(g,) —
240K (my'ge®) + Yo A, oPLi(g) + (— 10’ K (g.8:89)] +
Yo* (1) + &P, * (my, my, 1) + 0 (e)

gr=my—m, gy=my; wn;=wu;(n,, 1), Vf(my, m’, my)
L= xf In (g2 + m) dmy',  Ki ()= (g, + my2)tdmy’

Integration here is performed from —p (I) to p (I), ¢;° Y,* are independent of my, My,
ot O * depend linearly on my, m, (these components vanish in the calculation of the first
two terms of the asymptotic form on differentiation by means of (1.8), taking (1.9) into
account); s and t run through the values 1 and 2.

Assuming that

P(x)=p"(my, ) +ep'(my, 1) - 0(e), x=G, (1.14)

and taking account of (1.8) and the form of the asymptotic forms (1.9) and (1.10), we seek
the asymptotic form = (m,, l,e) as e—>0 in the form

% (my, 1, &) = & [ (my, 1) + ex! (my, 1) + o ()] (1.12)

Substituting the asymptotic form (1.9)-(1.12) into (1.8), determining the limits of the
integrals K and L as m, —> 0 (to do this the latter are expressed in terms of the convolution
of generalized functions dependent on the parameter m,) and equating terms of the same order
in &, we obtain integrodifferential equations for % %'. In writing them we use an ortho-
normalized & -dependent triplet of vectors %' (my, 1) =ea! (my, 1), v2(m, ) =n(m;, 1), v (my,1l) =
"Xy governing, respectively, the transverse, normal to the surface, and longitudinal
directions at each point of the crack surface. (Note that because of twisting of the crack
generally y®(m;,l)s=a?(l) and ®(my, 1)5=a3(l) for m, #0.)

If the quantity «,° (m,, ), x;! (m,;,!) is introduced such that

®(my, L, g) =g 5" (my, 1) + ex;t (my, D]y (my, 1)+ o (e?) (1.13)
i.e. Kiu == (”0, ai) and ull = (xl, al)v le =
(!, &) — (— Vem, 4,0, @5) (=2, 3),

and in an analogous manner, the quantities p,°(m,,!) and p;' (m,, ), then the desired integro-
differential equations are written in the form

- 2(1 —¥Big) P (#:°), mym, =Ppi® {1.14)
2(1 — vBig) P (), mm, = PPt + Hiy(%,°)

where the operators P and H;; are defined as follows:

o)
P@= { o, Dinjm,—m/|dm/

—otl)
Hy; = (1 — vdy) APy Hyy = ~Hyy = (1 — 4v) A, P,m.
Hyy = —Hyy = —243Pm, His = —Hy = —2vP

Relationships (1.14) obtained for m, < p(l) are equations of the plane and antiplane
problems for a rectilinear crack, as might have been expected, and can be solved successively
in quadratures. In the special case of a crack of plane planform (¢ =71 =A4, = A, =0) Egs.
(1.14) agree (to an accuracy of the order under consideration) with the equations obtained
earlier /1, 2/. 1In conformity with the above, (l.14) possess the property of "being local".

It can also be confirmed (by using (1.14) and the symmetry or antisymmetry ‘of the
integrodifferential operators P, Pmm, P m in the sense of the scalar product in
L, (G) that the form of the operators H,; (particularly the coefficients (1 —vd,5) 4, in
the diagonal terms as well as the symmetry (antisymmetry) of the non-diagonal terms) ensures
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the validity of the Betti theorem in the first two terms of the asymptotic. 1In addition, this
confirms the correctness of (1.14).
Representing the solution of (1.14) in the form (as in /1, 2/}

n=22(1 — v + Vi) WV D) —m 2 Qb iy, )y (my, 1) + 0 (8 (1.13)

we obtain for the stress intensity coefficients (SIC) of the normal, transverse, and longitudi-
nal modes K,*, K,*, K,*

KEIK =QF +o(e)y KFIK'=+QF —e(t — v p0F +o(e) (1.16)
KEK' = 40F +e(1 —)p0F +o(e), KE=Ki(+o() L&),
QF=Qi(+po() i & K=V mep())

The appearance of texms with p’ (l) in (1.16) is caused by the fact that for cracks with
varying width (p’ () ¥ 0) the direction along the crack contour does not coincide with the
direction of the vector ¥ {(Ze (}), ).

Starting from the relationships (1.14) and (1.16) and taking into account the geometrical
meaning of the quantities A,, the dependence of the displacement jumps and the SIC on the
"local" geometry parameters and loads can be described qualitatively; a change in the load
and width of the crack during motion along the crack results in interaction of the longitudinal
and transverse modes; rotation of the crack in its plane results in redistribution of the
displacement jumps’and stress intensity coefficients over the crack section (separately for
each mode); flexure of the surface results in interaction between the normal and transverse
modes; and twisting of the surface results in interaction between the longitudinal and trans—
verse modes.

We present asymptotic formulas for the displacement jumps and SIC for certain typical
load cases. According to {1.15) and (1.16), for this it is sufficient to give an expression
for ¢

‘A crack subjected to internal pressure p. Inthiscase p(m;, )= pn(m,1I) and we obtain
from (1.20) and (1.21)
Q=Y {1 -4 4* Q=p+Yid* Ci=1h4?* Ar=spmd, S {17

Therefore {unlike the crack of plane planform), not only normal but also shear jumps in
the displacement occur under the effect of internal pressure, where the magnitude and even the
sign of the transverse displacement jumps depend substantially on Poisson's ratiov. because
of the presence of the factor (1—4v) in (1.17).

A crack with unloaded edges in a stress field caused by certain loads at infinity. 1In
this case the state of stress and strain of an elastic medium is represented in the form of
the sum of two elastic solutions: the state of stress and strain when there is no crack (with
the stress tensor ¢~ (x)) and a perturbation caused by application of the forces p=¢™n to
the crack edges. Taking into account that for xe«G,

0™ (x) = 6 (R (1) + ema@* (1)) = 6™ (R (1)) + emy0™, (R () + 0 (¢)

P (x) = 6% (R (1)) & (1) + em1075 (R (1)) 02 (1) — em1439™ (R (1) @ (¢) -+ o (&)
(where, the derivatives are taken in the local Cartesian coordinate system defined by the
directions «i{l), we obtain from {(1.16) and {1.17)

Qi (mu, 1, &) = o3 (R (1)) -+ Ve ema@ * {1} (1.18)
()= 5;;1 — vl v)"‘:;;‘a"a + Yz (1~ 4v) 1353 — Assgy
Q* (1) =5y + Yo Aayy — Y2 Af; 1 Ve (1 —4v) o], — Asfoly -

(2= v) (1—vy sy

Qs* (1) = 535 — Vo, 5 + Mo desy + 43 (255 — o)

The values of the stress components and their derivatives in the last three equalities
are calculated at the point R ().
If the external stress field is homogeneous (0% (z) = ¢ = const), we have

O = (1 — v {{l — 3v) 4,057 (1 — 3v 4 4v3) 4,0, — (1.19)
2vA3055% -+ 245 vo” — (1 — ) 05”1}
Qn* =z Ag33 — Yo (1 — &) 4533 — Ag [535 + (2—v) (1 — )15

Qg* = (1 4 2v) Ag3g — VA3, + Ag [vo] 4 (2 — V) o5 — 553]
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Formulas (1.18) and (1.19) show, in particular, that during torsion of the crack surfaces
the external stress components 0,3, 6,%, 633 which do not perturb cracks of planar planform,
start indeed to exert an influence on the displacement jumps and the SIC.

2. The axisymmetric problem of a crack on a cylindrical surface. To verify
the asymptotic formulas obtained above and to refine the influence of the crack surface
curvature on the state of stress and strain, the problem of an axisymmetric crack on a
cylindrical surface subjected to axisymmetric loads was analysed in greater detail (see the
figure). The crack surface is determined in the cylindrical r, ¢, z coordinate system by the
relationships |z | < h, r =R, where

E(1) =UR,p () =R, e =
RIR, Ay (1) =k (1), A, —
A, =0

7 my==ze", a'=—e, a®=e,
3 __
od=eg

g

14/4

N

10 7

the load components p; = Pz, Py = p;, P3 = Pp and the displacement
jumps %, == %z %y = K., X3 = Uy are considered to be dependent only
on the z coordinate. 1In this case, by integrating with respect
to ¢ in (1.7) and letting r— R in (1.6), exact one~-dimensional
integrodifferential equations of the problem can be obtained.
The fundamental, most awkward, part of the calculations in
deducing the above-mentioned equations was realized by using an
electronic computer with the algorithmic language REDUCE-3 which
enables algebraic manipulations to be performed in symbolic form.
Consequently, equations of the following form are obtained
(integration with respect toz’ is between the limits —h and h):

S Ky (2 — 2') %5 (2) dz’ = 2nDp~p, (2) (2.1
Vo= )% @) e =L ppua) (1 7=1,2)

Ky (@) =1C? — 0 E + (K1 &), Ky (z) = (L + 160) E —
8LK + 160 (E — K)1 p®

Ko (2) = {[E7 + (11 — 16v) { + (28 — 32v) L) E +
(1 4 8v) L — (16 — 24v) TV K + 16(1 — v) * (E — K)}¢,°

Ky (2) = —Kyp (2) = {[4 — 8 + (14—16v) 21 E — [1 — 4v +
(10 —120) 21 K + 8 (1 — v) {4 (E — K)} &3
D=2R, L=2/D, t=1/YT T

(K = K (%), £E=FE (i) are complete elliptic integrals of the first and second kinds).

Comparing (2.1) and the asymptotic equations obtained from (1.14) for this case, we see
that they are in complete agreement. Moreover, as might have been expected from symmetry
considerations, problems for the normally-transverse and longitudinal loads are separated.

For the special case of an annular crack under axisymmetric loads, (2.1l) enables us to
refine the asymptotic form of the solution (1.15) and (1.16) for small & by the construction
of appropriate power-law expansions (in &) with any number of terms. To do this it is
sufficient to change to the variable m; in (2.1), to expand the left and right sides in e,
to equate terms of like order and to solve, successively, the integrodifferential equations
obtained.

Asymptotic displacement jumps and SIC were discussed for narrow cracks for a number of
kinds of loads having the form of expansions in even or odd powers of ¢ with coefficients
dependent on A =1In(16/¢), v and M = m,;/ R by using an electronic computer for the method
described (from three to five terms of the asymptotic form are obtained in explicit form).
Egs. (2.1) were also solved numerically by the method of mechanical quadratures. When comparing
the results obtained numerically and computed by the asymptotic formulas, the discrepancies
in the range 0 < e <{0,3 were not more than 1-2%, which indicates the high accuracy of the
asymptotic formulas. Good agreement is also observed between the results obtained and those
presented in /4/ (the discrepancy is not more than 2-3%, which is within the limits of accuracy
of the computations).

We will describe the SIC behaviour (determined as a result of calculations) for certain
kinds of loads.

In the case of a constant longitudinal load pg (z) = py = const, the dimensionless SIC
KJK}(K§==p¢th) increases considerably as & increases (Figure, curve 1). Under loading
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by a constant internal pressure pr(z) = pr = const (p,(z) = 0), the coefficient K/K,% (K = py|/ 7h)
conversely decrease as s increases, where the greater the v.the more rapid the decrease (see
the figure, curve 3; the upper, middle, and lower curves correspond to v= 04,03 and 05).
Here KX,/X,° is much less than unity, increases in absolute value as ¢ increases and depends
very much on v {which is in agreement with (1.17)).

In the case of a constant load aleng z, by solving (2.1) for # %, for given p,(z) = p,=
const, pr (z) = (, We obtain a non-zero expansion x, which is an odd function in z and therefore
negative in a certain domain; such a sclution has physical meaning only if the crack was first
exposed or loaded by an additional exposing action (otherwise the interaction of the super-
posing crack edges must be taken into account). It is interesting to note that for the
solution under consideration K,/K,® (K= p,J/ k) is practically independent of ¢ and v (the
figure, curve 2).

We construct the approximate solution for the case of a constant load in z taking the
superposition of the crack edges into account assuming no friction between them. The problem
here becomes the following: for |[z|<k it is required to find functions =,(z), % (2), ps(2)
satisfying the first two equations in (2.1) (with p:(z) = p;= const) and the conditions

Hr(2) > 0, pria) 2 0, % (2) pr (2) = 0 2.2)

{The normal force p-{2} occurs because of superpositionof the edges). For small & we seek
the approximate solution in the form

*e (my, €)= €& [0 (my) + e%,® (my) + o (e9)] (2.3)

pr(my, &) == gpyt (my) + o (e)

The location of the superposition zone depends on the signs of p, and 1—4v, furthermore,
to be specific we consider p,>0 and v>0,25 (the approximate solution is constructed anal-
ogously for the remaining cases). Egs.(1.14}), (2.2}, (2.3} yield

. = B 2.4
w0 =2(1—v)p7ip Y R —mgd (2.4)

2P (%)) ym, = Br,t — Bp, (1 — 4v) mi/(2R)
0120, pt20, %ipl=10

The second and third relationships in (2.4) determine the problem of a plane rectilinear
crack with superposition of the edges whose solution, as is known, is unigque. It is not
complicated to seek this solution by starting from the assumption that the superposition
domain is the segment [—R,a]. Then x!(m)=0 for m e[—R,al pl(m)=0 for m s, R] and
from the second Eq.(2.4) examined in [e, R], we find %’ on [a, R], and then — p,! ‘on [—R,a]
from this same equation. It remains to seek an a such that the two equations (2.4) are

satisfied. Such a value turns out to be = —R/3, hence
%t { —({— Tt — 4 B B3 (R m), —RBS m <R (2.5)
r 0, —B<m<— RS

1..{0' —RBLm <R
Pyl = ~Yap (1—4v) R=} (2R/3 —~ m)Y/ (R;3+m)fima—H), —REm <~ B3

Using (2.5) and (2.1) we obtain

®2 =Yg (1 —v) pip, VAT — mg {2M% — Bh -+ 15 4 {1 — 4v)u}
3M —1 2—M—3M?

— arccos M] [ i 1

4 arccos
27 l. 9

u =4 X ]/(1—M)(M+—;-), —g <M<
L 1
2_?(:‘ arccos M), —1<M<—-.§.

.{f_x_z{~(1—4vnf§72'fe+o(e), s=h
K¢ 0,z2=—h

Kf 3, 17 (1—4yp

The external locad in the problem is independent of z, consequently, the specific increment
of the total potential elastic energy of the medium 6W/88 as the crack width 2k increases
is independent of whether it would be achieved as a result of advancement of some contour
(z=h oOr z= —h). Therefore, in conformity with the Irwin formula, the guantity &W/8S is
identical on the contours z= 4k and eguals
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SW/6S = (1 — v) np~ (K,%% {1 4 €2 [—3A/8 4 17/16 -+ (1 — 4v)¥/27] + o (eM}

In conclusion, we note that the action of even a small additional external pressure
'p=—¢ Kpp, on a crack edge results in a change in the superposition domain. By reasoning anal-
ogous to that presented above we obtain that the superposition domain is defined by the in-
equalities —1 M < K, where K::-—Vs——SKpM3(4v—1ﬂ and for the exposure we have

x ~{1/2(1—v)p’1(4v——-1) pAVT—M (M — K KM
TT0, IKM<SK

For p > eKplp,, Kp' =v—1/, the crack is completely open, and completely closed for p < eKpp;,.
Kpt = —2(v—1,).
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GREEN'S FUNCTION FOR THE BENDING OF A PLATE ON AN ELASTIC HALF-SPACE"

V.P. OL'SHANSKII

Improper Woinowski-Krieger integrals /1/ expressing the deflections of an
infinite plate and the contact reactions of an elastic half-space subjected
to a unit normal force are considered. Elementary formulas to calculate
the quantities mentioned in the neighbourhood of the point of application
of the load are obtained from the power series expansion with a logarithm
by Watson's method. The results of calculations using these formulas are
in good agreement with the results of a numerical integration of gquadratures
/2/. The analytical representations obtained for Green's functions are
convenient for utilization as kernels of the integral equations when
solving contact problems for the interaction of bodies, one of which is
reinforced by a thin covering.

Under the action of a unit normal force at a point with coordinates (z;, %) on an infinite

plate lying without friction and adhesion on an elastic half-space, the deflections w and
contact pressures p at a point with coordinates (z,y) are expressed by the integrals /1, 3/

w =1 (2D)lwy, p= I"%p, 1)
o o
1 ¢ o (M) 1 ¢ o)A
Wo=—n—S }»3-}—1 d}», poz———zn S—xs+1 dxr

p=1"(z—=)* + (v — % D= Er (12(1 — V)
1= 2DEy™ (1 — vy3)'

Here E,v are the elastic modulus and Poisson's ratio of a plate of thickness h while
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